We present a determination of~V,i,~from semileptonic B decays that includes resummation of supposedly large perturbative corrections, originating from the running of the strong coupling. We argue that the low value of the BLM scale found previously for inclusive decays is a manifestation of the renormalon divergence of the perturbative series starting already in third order. A reliable determination of~V ,z~f rom inclusive decays is possible if one either uses a short-distance b quark mass or eliminates all unphysical mass parameters in terms of measured observables, such that all infrared contributions of order 1/mi, cancel explicitly. We find that using the MS running mass significantly reduces the perturbative coefBcients already in low orders. For a semileptonic branching ratio of 10.9%%uo we obtain~V,i,~(rxx/1. 50 ps)~= 0.041 +0.002 from inclusive decays, in good agreement with the value extracted from exclusive decays.
I. INTRODUCTION
The physics of heavy flavors has experienced a rapid development within the past few years, driven by new data that aim to test the standard model and to determine its fundamental parameters. In particular, semilep- tonic B decays for the moment provide the best possibility to determine the Cabibbo-Kobayashi-Maskawa (CKM) xnatrix element [Vb~. Two competing strategies, which both have received considerable attention, are the determination of [V,b[ booxn the total inclusive semileptonic decay rate [1] and from the exclusive B~D 'Lv decays at the point of zero recoil [2] . In both cases the absence of 1/mb corrections allows an accurate theoretical description. The decay rates can be calculated within perturbation theory up to terms of order 1/m&2. Moreover, the 1/m2bcorrections are estimated to be rather small ( 5%). Thus, at present, the theoretical accuracy of the determination of [V,b[ is to a large extent limited by a poor control over perturbative radiative corrections, which are only known to one-loop accuracy. An explicit calculation of the second-order correction is a very hard enterprise already for b~u transitions and even more so for b -+ c transitions because of the c quark mass, whose numerical effect is very important, see [3, 4] .
A process of major phenomenological interest is the total inclusive B meson decay rate with a c quark in the final state, which is calculable in perturbation theory as
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( 1 2) and the function go(a) is known in analytic form [5] . Here and below mg and m, denote pole masses. The perturbative expression in (1.1) should be complemented by nonperturbative corrections suppressed by powers of the heavy-quark masses [6] , and we will take these corrections into account in the final analysis. In the major part of the paper, however, we restrict ourselves to perturbation theory and estimate higher-order perturbative corrections to (1.1).
For the realistic value m /mb = 0.3, Luke, Savage, and Wise [7] have given an estimate for the n2 correction in ( n, (mb) n, (1.4)
The coeKcients in &ont of o;, were in both cases obtained by an explicit calculation of the diagrams corresponding to the insertion of a fermion loop into the gluon line in the leading-order virtual correction, as in Fig. 1(b This replacement assumes the hypothesis of Brodsky, Lepage, and Mackenzie (BLM) [8] that the dominating radiative corrections originate &om the running of the strong coupling. The result of this procedure is usually expressed as a redefinition of the scale of the coupling in the leading-order correction that completely absorbs the second-order correction. The magnitude of these corrections leads to very low BLM scales for semileptonic decays [7] : pq " --0.07m', pq --0.13m',
( 1 5) with numerical values of order (350 -650) MeV that are hardly acceptable. The authors of Ref. [7] interpreted their result as an indication that an accurate determination of~V b~& om inclusive decays requires knowledge of the exact second-order correction and even those of higher order. In Ref. [9] the large two-loop correction was interpreted as a breakdown of perturbation theory which disfavors the inclusive approach to~V cb~m comparison to the exclusive one, for which large radiative corrections do not appear in the same approximation [9] . On the other hand, as noted in [10] , the difference in the size of the n, correction for inclusive and exclusive decays largely disappears, when the scale of the leading-order correction is chosen equally as gm mb in both cases. Still, the very fact of low BLM scales suggests the investigation of yet higher-order radiative corrections.
It is this question we address in this paper. Our analysis extends the results of Ref. [7] for inclusive decays and repeats that of [11] for exclusive ones in that we resum the effects due to one-loop running of the strong coupling, but to all orders in perturbation theory. Thus, our investigation of higher-order corrections assumes the dominance of vacuum polarization effects also in higher orders and we do not address the question whether knowledge of the exact two-(and higher) loop corrections as compared to the BLM approximation is important. The idea is that if higher-order corrections are large at a certain scale, they are presumably dominated by running coupling effects and can thus be taken into account exactly, at least within the restriction to one-loop running. The remaining corrections are then small and therefore can only be accounted for by an exact calculation. Formally, we resum terms of the type n, (Pon, ) , of which the correction found in [7, 9] is the erst term with n = 1. These can be traced by a calculation of contributions proportional to N" given by a chain of fermion loops as in f Fig. 1(c) . The leading-order BLM scales calculated in [7, 9] correspond to using the @CD coupling at some characteristic virtuality obtained by averaging ln k, where A: is the gluon momentum, over the leading-order diagram. The resummation that we perform in this paper amounts to averaging with the one-loop running coupling n, (k2) itself, rather than ink . We have developed a technique to implement this resummation in Refs. [12, 13] and refer the reader to these articles for all conceptual and technical issues that we do not repeat in the present application to semileptonic B decays.
We find that the large second-order radiative correction to 5 m uev transitions calculated in [7] is in fact already close to the regime, where the series starts to diverge because of factorially growing coefBcients. In our approximation (called "naive non-abeliaruzation" in [12, 13] [14] . Thus, the change of scale suggested in Ref. [10) , whicl, decreases the second-order coefficient, is ineffective already at the next order, because the reduction of coefficients is compensated by an increase of ns. However, it would be premature to draw a pessimistic conclusion from the apparently bad behavior of perturbative corrections. The large corrections displayed above originate from infrared regions in the integration over loop momenta and produce an uncertainty parametrically of order AQcD/mi, . As it turns out, the importance of infrared regions is solely due to the choice of an input parameter, the pole mass as renormalized mass parameter, which is incompatible with the short-distance properties of the decay process. The series that relates the pole to the bare mass contains large finite renormalizations of infrared origin. If these are made explicit, for example, using the MS renormalized mass, they cancel with the large corrections of infrared origin present in the perturbative series for the decay width [15, 16] .
The preference of the MS (or another "short-distance" ) mass might seem surprising and even counterintuitive. In fact, the divergence of the series of radiative corrections to the decay rates is only one aspect of the problem with using the pole mass. Another aspect is that it cannot be accurately extracted from measurable quantities through perturbative expansions [15, 17] .
To reinforce this point we imagine that we used pole masses as numerical input parameters, determined from another measurement. Then one would always find that the size of perturbative corrections does not allow a determination of the masses to an accuracy better than +100MeV (we quote the estimate &om [13] [8] uses di to fix the scale in the coupling in the leading-order correction. In the generalization developed in [12, 11, 13] We neglect the charm quark mass in quark loops. Its effect is small [13] . (2.5) Note that because of the factor 1/(4vr) in Pp the expansion parameter is effectively n, /(4vr). To quantify the effect of partial summation of N orders, we introduce (2.6) n, (piv 
The scale p~i s just the leading-order BLM scale studied in [7] and the p"with n ) 1 correspond to a more accurate treatment of the distribution in the gluon virtuality, reBected by the size of higher-order corrections with up to n fermion loops. The uncertainty in the summation of the series is translated to the uncertainty in the ultimate BLM scale p [12] .
The calculation of the coefficents d"(a) requires the evaluation of diagrams such as those in Fig. 1 , with the insertion of n fermion loops in the gluon lines. This problem is solved in a most economical way by applying a dispersion technique, and reduces to the calculation of the leading-order diagrams with Gnite gluon mass A. Denote by
the sum of the diagrams in Fig. 2 calculated with a 6nite gluon mass A, so that do(a, A = 0) = 1.
For the contribution &om the one-fermion-loop insertion, Smith and Voloshin [19] have derived a useful representation (in the V scheme of [8]) that measure the modification of the leading-order radiative correction by integrating with the running coupling at the vertex. The limit N -+ oo in Eq. (2.6) does not exist in a rigorous sense, re8ecting the factorial divergence of the coefBcients d in high orders. Assuming that the perturbative series is asymptotic, one is led to the conclusion that the uncertainty in the summation is in fact power suppressed in mg, and can be estimated numerically. Thus, in the following, numerical values of M will always be given with an uncertainty, re8ecting this problem. This uncertainty cannot be eliminated without a rigorous factorization of the corresponding in&ared contributions into the matrix elements of higher-dimensional operators.
An In particular, the fixed-order coefficients d"(a) are obtained as [12, 13] d" 10) where n, = n, (p),
where do(a, A ) = (d/dA2)do(a, A2) and C is a schemedependent 6nite renormalization constant. In the MS scheme one has C = -5/3, in the V scheme C = 0. It is easy to check that for n = 1 the above expression reproduces Eq. (2.8).
A closed expression can be derived for the sum of all diagrams with an arbitrary number of fermion bubble insertions [12, 13] :
which has been used in the analysis of Ref. [7] . (2.10) coincides with the sum of the perturbative series defined by the principal value of the Borel integral [13] , and the imaginary part of do(a, A&) coincides with the imaginary part of the Borel integral.
The calculation of the diagrams in Fig. 2 with a finite gluon mass is straightforward, albeit tedious, and has been undertaken in [7] . Since no formulas were given there, we had to redo this calculation. [7] .
We now discuss the numbers in Table I [7] for the BLM scale in leading order, and it continues to all orders, although the difference between m /mb = 0 (relevant to 6~uev transitions) and m, /ms = 0.3 is less pronounced after resummation.
The ambiguities related to the summation of a divergent series are also reduced and almost vanish in the limit of zero recoil m~mb. One can understand this by continuing the argument given in the Introduction. As explained, these ambiguities arise, because the use of the pole mass parameter implies a static picture, while the energy stored in the Geld at large distances cannot be converted into hard radiation in the weak decay process. This assumed that the produced quark is fast in the rest frame of the initial b quark. When m -+ mb, the c quark is slow. Then, since the long-range part of the Geld of the b quark is universal, it can be smoothly transferred to the c quark and is simply irrelevant for the description of the decay. Therefore these long-distance contributions cannot be seen in the form of ambiguities in the zerovelocity limit.
To see this more explicitly, we recall that contributions of small momenta to decay rates can be traced by nonanalytic terms in the expansion at small values of the gluon mass [16] . For the leading-order radiative correction to the B decay width this expansion takes the form4 sum of the perturbative series. Within our approach, this ambiguity is related to the imaginary part of dp(a, A ), continued analytically to the position of the Landau pole (2.10), (2.12) , and equals
The decrease of the value for M at~a = 0.3 (b~c ev decays) compared to a = 0 (b~u ev decays) roughly equals the decrease of the uncertainty.
In fact, these in&ared contributions are spurious, and can be removed by reexpressing the decay widths in terms of the short-distance (say, MS) b and c quark masses instead of the pole masses [15, 16] . To trace this cancellation we write, e.g. , the 6 quark pole mass mb as related to the running MS mass mb by the perturbative expansion A2 A2 dp(a, A ) = 1+ hg(a)
( 3 6) where we keep a Gnite gluon mass A as for the decay width. The expansion of rp(A2) at small gluon masses reads [15, 16] with h) (a) = - [5 -16a -24a [16] . This is explained by the absence of a renormalon ambiguity in the kinetic energy of the heavy quark inside the B meson, at least in the approximation considered here.
I' = I'p(a, A) 1 -Cg -'gp(a)dp(a, A ) y + -go(a)Io, (a)) + (3.8) with the function hq(a) defined as above. The terms in curly brackets add to zero, so that the total decay rate is Using Eqs. (3.5) and (3.6) (3.12)
The coefficients r"were calculated in Ref. [12] and are given together with the partial sums MN in the second and third columns in Table II . The perturbative series defining the pole mass is divergent [15, 17] , which is reBected by the uncertainty in the factors M . The crucial point is that these uncertainties in de6ning resummed pole masses are correlated with uncertainties in the resummed radiative correction to the decay rate, and cancel against each other, when the pole mass is defined by its relation to the short-distance mass as in (3.10) or eliminated in favor of the MS mass [15, 16] .
In what follows we shall consider both possibilities. The 6rst one, which we refer to as calculation in the on-shell (OS) scheme is to define the resummed inclusive decay rate as I' (B m X"ev) = I'o 1 -Cy -'go(0)M (3.13) where r corresponds to contributions of n fermion loops to the leading-order diagram for the fermion self-energy and can be calculated using a representation similar to (2.9) and (2.10) in terms of the leading-order diagram with a finite gluon mass ro(A2), see [12, 13] (3.14) with the factors M " and M given in Table II (3.i6) and the tree-level decay rate I'0 is expressed in terms of ms(mb). Note that the leading-order radiative correction changes sign and becomes somewhat; larger.
- 6-+u The coeKcients d"and partial sums M~d e6ned in an obvious way in analogy to (2.6) are given in Table II In the &amework of a purely perturbative calculation the use of the OS scheme can only be justi6ed up to the order where perturbative series diverge. In all-order resummations such as the one considered in this paper, one must make sure that the prescription de6ning the pole mass in terms of a short-distance mass or any physical quantity is consistent with the prescription to sum the perturbative series of radiative corrections to the decay width. Even in this case, the OS scheme is somewhat unnatural since it involves large cancellations between radiative corrections to decay rates and to the pole masses already in low orders.
The resummed decay rate in the MS scheme is readily obtained by inserting (3.14) into (3.13) Thus, we obtain, e.g. , for the c quark,
where M is a factor relating the c quark pole mass to the running mass m (m, ), defined as in (3.14) . The resummation of P() a, + terms for the g's was discussed in some detail in [9, 11] (3.27) where g~a nd g~a re the short-distance matching coefficients of the @CD heavy-heavy currents to the corresponding currents in the effective theory (at zero recoil):
cp"psb =q~h, ,p"pshb+ O(l/m ). (3.28) (3.35) and provides a nontrivial check of our calculation. Comparing the corresponding entries in Tables I and III The number given in [28, 29] literally corresponds to the Euclidean mass mb(p = -mb), but to the one-loop accuracy used in Refs. [26, 27] the difference between the Euclidean and the MS mass is negligible.
Recall that any numerical value of the pole quark mass implies its proper definition. Our central value corresponds to the principal value prescription to sum the perturbative series that relates the pole to the short-distance MS mass, the error comes from the 50MeV uncertainty in m&(mb). The freedom in choosing the summation prescription results in an additional uncertainty of m& of order 100MeV, which is exactly cancelled by a corresponding uncertainty in the decay rate, see the discussion in Sec. III C. This value is consistent with deterxninations &om QCD sum rules [26, 27] .
For completeness, we also give the corresponding values of the "one-loop pole masses" defined as mb. --mb, .(mb,. ) 1+Cy (i) u, (mb, ) (4.8) Using; our technique it is possible to estimate the uncertainty of the relation (4.5) I'(B m A, ex ) = I'(B m X,ev)p"~~1+ m2 bj (4.10) with 8 P = -(1.05 6 0.10) GeV, where the error comes from the uncertainty in Ai, cf. Sec. IV A.
As for the exclusive decays, the experimentally interesting quantity is the difFerential decay rate at zero recoil of the final state meson, which depends on the form factor X(1) = q~(1+ bx/ 2). The short-distance correction g~w as already discussed in Sec. IIIE; numerical values are given there and in Table VI below. The nonperturbative correction big was estimated in Ref. [2] as -(5.5+ 2.5)% using Ax ---0.4 GeV2.
As experimental input we use the world average B lifetime wJso = 1. Our results are summarized in Fig. 4 and in Tables IV and V, where we give~V, b~a s function of the running b quark mass. The determination with one-loop radiative corrections is plotted in Fig. 4 (a) and using resummation in Fig. 4(b) . The solid line represents the result from the MS, the long dashes &om the OS calculation. The short dashes give~V b~& om exclusive decays. The shaded areas illustrate the range of b quark mass values from Eq. (4.1).
The curves in Fig. 4(b) are obtained for Ax ---0.5 GeV, which corresponds roughly to a fixed difference of the pole masses of mb -m, = 3.43GeV.
The two sets of curves in Fig. 4(a) are obtained with two different ways to specify the c quark mass. The first way is to use exactly the same short-distance c quark mass as in Fig. 4(b) : the curves labeled (i) and (ii) are obtained using the constraint (4.3) with resummed pole masses, i.e. , fixing mb -m = 3.43GeV, and calculating m, and m, (m, ), respectively, for a given value of mb(mb). Thus, since all short-distance input parameters are chosen in precisely the saxne way as in Fig. 4(b) , the difFerence between the predictions for~V, b~i s entirely the effect of resummation. 
shown in the form of curves (iii) and (iv). This choice is less instructive as far as the comparison between one-loop and resummed results is concerned, but is probably more attractive phenomenologically.
On the other hand, we note that with this choice the value of the short-distance c quark mass becomes very low, m, (m ) = 0.98GeV (m = 1.18GeV) for mb(mb) = 4.23GeV, which is hardly consistent with the @CD sum rules for the charmonium system. The large difFerence in the resulting values for~V ,b~s hows the dilemma all strict one-loop calculations are inevitably con&onted with: it is impossible to relate the three independently determined input parameters mb(mb), m, (m, ), and Aq to each other within the errors by one-loop equations, although all of them provide valid phenomenological input. It is only after inclusion of higher-order perturbative corrections in Eq. (4.3) in form of the resummed pole masses that the three values appear to be consistent with each other, and it may be considered as a serious argument in favor of BLMimproved perturbation theory in semileptonic inclusive decays that the central value (but not the error bars, see below) of~V ,b~i s independent of the choice of a particular subset.
The effect of resummation is clearly visible in Fig. 4(b) . First, we find a considerably reduced scheme dependence, i.e. , the difFerence between the solid and the long-dashed curves is much smaller in Fig. 4 (b) than in Fig. 4(a) .
Second, we observe good agreement between~V ,b~f rom exclusive and inclusive decays obtained with resummation, which otherwise is only achieved for either an unreasonably large b quark mass or a very small c quark mass.
It has been proposed in Ref.
[35] that in inclusive decays the dependence on the quark masses is signifIcantly reduced, if the charm and bottom masses are not varied independently, but related to each other by Eq. (4.3). To study this question, we give tables of numerical values for V,b~, choosing as independent input parameters either the running 6 and c quark masses (Table IV) , or the running 6 quark mass and Aq, which specifies the difFerence between the pole masses (Table V) . It is clearly seen that, - (5) 1o 52+ (p) - (4) 1.
- (3) 1.68 (i) 4.0 4. 80+'" (9) -(3) 0.045 ( ) -(3) 0.046 (3) -{3) 0.047 (3) -(3) 0.048 (3) - (3) 0.049 (3) 4.1 4 91+( ) (9) - (3) 0.042 (2) -(3) 0.043 (2) - ( - (9) -(2) 0.039 (2) - (2) 0 040 (2) - (2) 0.041 (2) -(3) 0.041 (2) - ( (9) - (2) 0.037 ( ) - (2) 0.037 (2) -(2) 0.038 (2) -(2) 0.039 (2) -(2) 0. 039+ (2) 4.4 5. 24+'" - (9) - (2) 0.034 (2) -(2) 0.035 (2) -(2) 0.035 (2) - (2) 0.036 (2) -(2) 0.037 (2) (9) 5. 02+"' - (9) 4.3 4.4
5.24 - (9) -0.4 -0 0.0441 (7) 0.0438 (7) 0.0434 (7) 0.0431 ( ) 0.0427 ( ) 0.0426 (7) 0.0423 (7) 0. 0420+ (6) 0. 0417+(6) 0. 0414+( ) 0.0414 (7) 0.0411 (7) 0.0408 (6) 0.0405 ( ) 0.0402 (6) 0.0402 (7) 0.0399 (6) 0.0397 ( ) 0.0394 (6) 0.0391 (6) 0.0392 (6) 0.0389 (6) 0.0387 (6) 0.0384 (6) [12] . Because of the divergence, it is not justified to cut the series at that order, although in this case the BLM correction gives an excellent approximation to the exact two-loop result. For example, starting from m, (m, ) = 1.26 GeV one gets for the BLM pole mass m = 1.75 GeV, which is significantly larger than the resummed result m = 1.58
GeV. In other words, the BLM approximation underestimates the scale of the coupling and thus overestimates the radiative correction. A comparison between the BLM and the resummed results is however possible if one starts &om the MS b quark mass, calculates the 6 quark pole mass in the BLM approximation, and then 6xes the c quark pole mass Rom the heavy-quark expansion (4.3) . Taking for definiteness mb(mb) = 4.23GeV
Even if we abandoned the deterinination of Ai in Ref. [32] completely and only put the constraint -0.7GeV & Az 0 GeV, which corresponds to .48 GeV,~V, b~w Fig. 4 . In both cases, the numerical effect of higher-order corrections is small and of the order of 5%. We wish to emphasize once more, however, that this comparison is only possible if the c quark mass is obtained in a very particular way and it is only after resummation that we are able to get a self-consistent description in terms of short-distance parameters. Prom the combined evidence of Fig. 4 and Tables IV and V we extract the results [15, 16] that these corrections are absent in the inclusive decay rates, and therefore using pole masses in the tree-level decay rate induces large radiative corrections of in&ared origin simply in order to cancel in&ared efFects hidden in the definition of the mass parameter.
We demonstrate that the behavior of the perturbative series is indeed drastically improved by using the MS mass instead. The calculation in the OS scheme can be saved, if the pole mass is defined by a certain nonperturbative prescription in its relation to the short-distance mass (or some physical quantity &om which it is determined), and if the same prescription is used to sum the series of radiative corrections to the decay widths. This essentially implies a rearrangement of radiative corrections in two pieces, hiding part of them in the tree-level [recall that fi is the tree-level phase space factor defined in (1.2) and go(a) the one-loop correction for zero-gluon mass]. The subscripts accompanying the D's specify the diagrams in Fig. 2 The coeKcients +2, K3 were calculated numerically and are given in Table IX for several values of a.
The decay b -+ ueP
In the limit a~0, the integrals in Eqs. 
